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^ ■ Abstract 

Boundary states are given by appropriate linear combinations of Ishibashi states. 
Starting from any OSFT solution and assuming Ellwood conjecture we show that ev- 
ery coefficient of such a linear combination is given by an Ellwood invariant, computed 
in a slightly modified theory where it does not trivially vanish by the on-shell condition. 
Unlike the previous construction of Kiermaier, Okawa and Zwiebach, ours is linear in the 
string field, it is manifestly gauge invariant and it is also suitable for solutions known only 
numerically. The correct boundary state is readily reproduced in the case of known ana- 
lytic solutions and, as an example, we compute the energy momentum tensor of the rolling 
tachyon from the generalized invariants of the corresponding solution. We also compute 
the energy density profile of Siegel-gauge multiple lump solutions and show that, as the 
level increases, it correctly approaches a sum of delta functions. This provides a gauge 
invariant way of computing the separations between the lower dimensional D-branes. 
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1 Introduction 

In attempts to explore the landscape of open string field theory [1]^ either by analytic or 
numerical means, one faces the problem of a physical identification of the solutions to the 
equation of motion. They are believed to be in one-to-one correspondence with allowed 
boundary states for given bulk CFT, but so far we have had only hmited tools to identify 
the respective boundary state. In [4] a geometric construction of the OSFT boundary state 

^For recent reviews see e.g. [2, 3]. 
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was given, in principle, for any classical solution. However, due to the non-linearity of the 
construction, it is not known how to explicitly perform computations in more general cases, 
for example, for the important class of Siegel-gauge level truncated solutions. Moreover 
the OSFT boundary state of [4] is not guaranteed to be gauge invariant and the BCFT 
boundary state is recovered only up to possible BRST exact terms (which are however 
absent in the explicit examples of wcdgc-bascd analytic solutions). In this work we present 
a remarkably simple method to construct explicitly, in a gauge invariant way, the BCFT 
boundary state from any solution. The main advantage of the method is that, while it 
easily gives the expected results for known analytic solutions, it also works reasonably 
well for solutions known only numerically. The key ingredient of our construction is the 
widely believed, but as yet unproven EUwood's conjecture [5, 4], which can be simply 
re-stated as 

( Vdl Co > = -47ri (7|VcK0l* - *Tv) , (l-l) 

where Vd is an on-shell closed string vertex operator of ghost number two, ^ is a solution 
of the OSFT, is the corresponding boundary state and finally ^^tv is the tachyon 
vacuum (in any gauge or form). Note that the left hand side is evaluated using the closed 
string inner product, while the right hand is evaluated using the open string inner product. 

This equation, however, constrains only the tiny on-shell part of the boundary state. 
For example, for spatially constant string fields the only non-trivial component of the 
corresponding boundary state which can be computed this way is just the zero momentum 
massless closed string mode with vertex operator of the form ^^ydX^^dX^ . A possible way 
around this problem has been in fact hinted already in [6] , before the EUwood's conjecture 
had been formulated. The trick is essentially to assume the existence of some space-time 
direction with Dirichlet boundary condition. The vertex operator can then be taken to 
have arbitrary momentum dependence in the directions we are interested in. To put the 
whole operator on-shell, we adjust the momentum of the closed string vertex operator 
in the extra direction with Dirichlet boundary condition. Due to the Dirichlet condition 
the invariant will not vanish trivially. In this way we can uniquely extract the overlap 
between the boundary state and closed string matter primaries. The goal of this paper is 
to make this idea more precise and to illustrate it on the examples of the analytic rolling 
tachyon and numerical lump solutions describing lower dimensional D-branes. 

In the matter CFT, the knowledge of the inner product of the boundary state with any 
primary state is sufficient to determine the complete boundary state with the help of the 
Virasoro gluing conditions (L„ — L_„)|S) = 0. These conditions arc solved in full general- 
ity by the conformal Ishibashi states [7], and the Ellwood invariants determine the exact 
linear combination. In principle OSFT thus solves the outstanding unsolved problem of 
boundary conformal field theory: determine the set of all boundary conditions consis- 
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tent with conformal symmetry in a given CFT. In the string theory language this is the 
problem of classification of all allowed D-branes in a given background. The coefficients 
of the Ishibashi states must satisfy lots of constraints, either from modular invariance or 
the so called sewing conditions. A lot of progress has been achieved in CFT attempting 
to solve these constraints, but much more remains. String field theory solutions, on the 
other hand, should provide automatically a solution to all these constraints. 

Let us describe the computation of the primary components of the boundary state in 
a little bit more detail. The state space of open string field theory is given by the Hilbert 
space of the boundary conformal field theory BCFTq. Any such element in the ghost 
number one sector can be written as [8, 9] 

* = E E ^'iJ L-f^V,) ® L?rci|0), (1.2) 

3 I = {ni,n2,. ■ ■} 
J = {mi,m2, . . .} 

where the index j runs over all matter primaries that are 'turned on', while the multi- 
indices / and J give its descendants. The tachyon vacuum does not turn on any primary 
other than the identity operator, while for example for the lumps an infinite number of 
^ikx primaries is required. 

Given any solution of string field theory built upon BCFTq, one can uniquely as- 
sociate to it a solution built upon BCFTo(8)BCFTaux, where BCFTaux is an auxihary 
(non-unitary) BCFT of central charge c = 0. It is enough to change all i;/™3,tter)g -j^^^ 
^matter _|_ ^aux ^jq^ us further assumc that BCFTaux contains bulk primary operators of 
dimension (1 — /i, 1 — /i) with non-vanishing disk 1-point function for every weight (/i, h) 
primary in the matter part of BCFTq. One universal option is to choose a BCFT of a free 
boson (let us call it Y) with Dirichlet boundary condition and consider generically non- 
normalizable operators e^*"^-'-"'*^. To ensure zero central charge of BCFTaux, one should 
tensor this free boson theory with a non-unitary theory of negative central charge, for 
example a c = — 1 linear dilaton theory, and supplement the closed string insertion with 
the appropriate weight (0,0) primary, w, to soak up the background charge.^ 

Since BCFTq and BCFTaux are completely decoupled, and the solution does not turn 
on any BCFTaux primaries other than the identity, the boundary conditions of BCFTaux 
cannot be changed by the solution. The boundary state for the OSFT solution will thus 
be 

|^^^CFTo0CFT_ ^ |5^)CFTo ^ |5q)CFT__ (^ g) 

^In most cases, however, such a construction is not necessary. It is enough to assume the existence of 
a space-time direction along which nothing happens, and change its boundary condition to Dirichlet, if 
it is not Dirichlet to start with. 
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Assuming the boundary state factorizes in ghost and matter 

\B^f^^'^ = \B^f^^r-^lB^^)^ (1.4) 

and decomposing jS^)'-'^'''"'^"''' into the basis of Ishibashi states 

\B^f^^r^^- = J2<\\Va)) (1.5) 

a 

in the (product of left and right) Verma module of the matter primary operator V^, we can 
determine all the coefficients from the knowledge of the generalized EUwood invariants 

n% = 27ri (71^^(01* - )BCfto0BCft_ ^ (^ g) 

where 

and V" form a dual basis in the matter part of CFTq, i.e. 

This is our main result. 

The paper is organized as follows. In Sec. 2 we describe our construction of the 
boundary state in more detail. In Sec. 3 we derive the boundary state for analytic 
solutions, taking the rolling tachyon as a representative example. In Sec. 4 we apply 
our construction to single and double lump solutions in open string field theory. We end 
with some conclusions and future perspectives. Appendix A contains an example of the 
auxiliary c — BCFT which we use to generalize the EUwood invariants, in appendix B 
we derive a set of conservation laws for the EUwood invariant which are a very efficient 
tools, especially in numerical computations. In appendix C we discuss in some detail 
universal properties of the boundary state in bosonic string theory. Finally, appendix D 
contains numerical results about different Siegel gauge lump solutions other than those 
analyzed in Sec. 4. 

2 Boundary state from EUwood invariants 

In this section we construct a boundary state from a given OSFT solution in two steps. 
First, we generalize EUwood conjecture in order to be able to use generic matter pri- 
maries in the EUwood invariant. Then, we show that a generic boundary state describing 
conformal boundary conditions in a total matter/ghost BCFT is necessarily matter-ghost 
factorized, and use the Virasoro gluing condition of the matter sector to fix the non- 
primary part of the matter boundary state. Only the first part of our construction resides 
in OSFT. 
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2.1 Generalizing the Ellwood invariant 

Let BCFTq be the reference boundary CFT on which we define OSFT. Let be a solution 
describing another BCFT,j,. Then Ellwood conjectured that [5, 4] 

-4m{I\V{i,-i)\^) = -47n{E[V]\^) ^ {V\c^\B^) - {V\c^\Bo) . (2.1) 

Here 

V = ccy""^"""^ , {E[V]\ = {I\V(i, -i). 

Because V is inserted at a conical singularity (the midpoint of the identity string field) 
the quantity ( I\V{i, — ) is only meaningful when V is a weight zero primary. Luckily 
all the gh = 2 closed string cohomology is contained in states of this form and thus (2.1) 
can be used to define the on-shell part of the boundary state \B^). But this is clearly not 
enough to completely define the boundary state. 

This is the well-known limitation of Ellwood invariants: most of the closed string 
tadpoles vanish by momentum conservation when the closed string is on-shell. This hm- 
itation lead the authors of [4] to the construction of a family of Wilson-loop-hke maps 
from the classical solution ^ to ghost-number 3 level-matched and BRST invariant closed 
string states which are conjectured to be BRST-equivalent to the boundary state. In 
particular one can probe them with off-shell closed string states. Assuming Ellwood con- 
jecture (or alternatively assuming background independence of a version of open-closed 
string field theory, [4]), the BRST equivalence to the BCFT boundary state can be es- 
tablished. The construction is completely done in the open string star algebra and its 
intrinsic non-linearity can give nontrivial checks on the regularity of proposed OSFT clas- 
sical solutions, [10]. But there is a simple shortcut to get precisely the BCFT-boundary 
state described by the classical solution "if. Suppose we are dealing with a solution which 
does not depend on a target space direction, say Y. This means that the Y dependence 
of the solution can be taken to be universal, depending only on Virasoros of the y-CFT. 
Then the solution will remain a solution if we change the boundary conditions of the 
F-BCFT to be Dirichlet Y{0, vr) = 0. A generic closed string vertex operator of the form 
cc\/(^'^) (where \/(^'^) is a bulk (h, h) matter primary not depending on the Y direction) 
can be formally put on-shell by going to a complexified mass shell: this can be done by 
multiplying ccV^^'^'> with e^'^^'^-^^ which has weight (1 — /i, 1 — /i). For h > 1 (typical 
case) this is a negative weight primary which is in general not normalizable due to the 
divergent zero mode integration in the world-sheet path integral. But this is not a prob- 
lem with Dirichlet boundary conditions, as the zero mode path integral will be localized 
to y = 0. Moreover, since disk one point functions of bulk exponential operators are non- 
vanishing with Dirichlet boundary conditions, the corresponding modified tadpoles will 
also be generically nonzero. 
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This example suggests that, whenever we have a solution with an explicit dependence 
on matter Virasoro operators^ we can consider adding an auxiliary BCFT^"^ sector of 
total c = to the basis states of the original BCFTq. Then we automatically have a hfted 
solution 

* ^ ^ = *l (2 2) 

in a hfted OSFT defined on 

BCFT'o = BCFTo ® BCFT^'^^ 

with a hfted BRST charge 



(2.3) 



Now, given any CFT bulk primary of the form 

V'iz^z) = ccV''{z,z), (2.4) 

where is a purely matter primary of weight {ha,ha), we can consider a formal bulk 
primary in CFT'^"'', w^lz, z) of weight (1 — ha, 1 — ha) with the property that 

( ^"(0) = 1, Va. (2.5) 

Explicitly, see appendix A, we can define BCFT^^^ to be the tensor product of a free boson 
Y with Dirichlet boundary conditions (c = 1) and a linear dilaton (/? with background 
charge Q = with Neumann boundary conditions and c = 1 — 6Q^ = — 1. In this case 
we can systematically take 

= e'^^^^e^'^, (2.6) 

which has weight (1 — ha, 1 — ha) and satisfies (2.5), thanks to the Dirichlet conditions 
for Y and the saturation of the background charge on the disk. Notice that, for ha > 1, 
w°' is not normalizable in the auxiliary closed string Hilbert space, but still it has a well 
defined one-point function on the disk. Other choices of BCFT^"^ are clearly possible. 
For OSFT purposes the closed string insertion 

will be a total (0, 0) bulk primary (in fact a formal, not normalizable, element of the Q 
closed string cohomology). Thus, assuming Ellwood conjecture, the EUwood invariant will 



•^This is the case for all known analytic solutions. For numerical solutions we can always, level by 
level, express the solution in the form (1.2). 
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compute the difference in the tadpoles between the two BCFT's related by the classical 
solution. But since the solution ^ does not switch on any primaries in BCFT^"^, the 
generalized EUwood invariant will be proportional to the disk one-point function of w°' 

= (V"|co-|5^)-(V"|co-|5o) 

= ((ccl/°| (g) Kl) Co {\B^) ® \B,u.)) - {{ccV^\ <H) Kl) Co (|So) ® 
= ( < ccV-\ Co \B,)-{ ccV-\ |i?o > ) X ( ^"(0) 

= { ccV"\ Co |5vt ) - ( ccVl Co \Bo ) . (2.7) 

Notice that the auxihary CFT disappeared from the RHS. Conveniently, we can relate the 
BCFTo-boundary state with the EUwood invariant of the lifted tachyon vacuum, ^tf, 
and we can write the 'generalized' EUwood conjecture in the simple form 



(2.8) 



String field theory solutions related by gauge transformations should describe the same 
BCFT and thus the same boundary state \B-q,). Although the right hand side is manifestly 
invariant under the gauge transformations in the new OSFT based on BCFTq, to show 
that it is invariant also under the gauge transformation in the original OSFT based on 
BCFTq requires a little thought. One has to show that the lifting from BCFTq to BCFTq 
commutes with gauge transformations. The lift of a gauge transformed field is a lifted 
gauge transform of the lifted field 

Lift o (Gauge Transf)A = (Gauge Transf)Lift(A) o Lift. (2.9) 

To see this, note that lifting QA one gets the same thing as acting with Q on lifted A. 
Similarly lifting the star product A* B one finds the star product of lifted fields. This is 
most easily seen by decomposing both fields in the basis of matter Virasoro descendants 
plus ghost oscillators and using the conservation laws to compute the star product^. 
Application of the conservation laws in the lifted theory gives the same answer, since the 
commutation rules and operator weights are not changed by the lift. 




^ Since gauge parameters have zero ghost number they can be made of ghost non-primaries which 

arc not descendants, like the ghost current. In this case it is convenient to span the ghost sector with 
oscillators and use the corresponding conservation laws. 
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2.2 EUwood invariants and Ishibashi states 

Using OSFT and EUwood conjecture, we are thus in a situation where we know the overlap 

(5*|co|V>, 

where 

\V) = V^^'''\0)c,c,\0)sL(2,c), (2.10) 
and V^'^''^\z, z) is a weight {h, h) bulk primary in the matter sector. It follows that 

^matter |-^^ = U^^^^'\V)^Q (2.11) 
Cn>l|V) = C„>i|V)=0 (2.12) 

hn>o\V) = 6„>o|V)=0. (2.13) 

Clearly, the closed string states ccy*^''''^^ do not span the whole set of off-shell closed string 
fields. However, any generic off-shell closed string state can be obtained acting with ghost 
oscillators and matter Virasoros on the ground states given by the |V)'s. This choice of 
basis is quite convenient from the OSFT point of view, since the states |V) directly enter 
in the EUwood invariant. But it is also very convenient from the closed string point of 
view: the knowledge of the overlap (V|cq is just enough to define all overlaps with 
the boundary state. 

This is because the boundary state is a ghost number three closed string state which 
describes conformal boundary conditions in the total matter/ghost Hilbert space. This is 
summarized by 

h^\B^) = (2.14) 
{LT - L'^l,)\B^) = (2.15) 
{Qgh-^)\B^) = 0, (2.16) 

where Qgh is the total ghost number operator obeying Qgh\^) sl(2.c) — 0. We show in 
appendix B how these conditions imply the standard gluing conditions 

= (2.17) 

(c„ + c_„)|5*) = (2.18) 

(^^matter _ ^matter^j |^^^ ^ q (2.19) 

{Q + Q)\B^) = 0, (2.20) 

These gluing conditions allow to trade raising operators acting on the closed string 
state |V) with lowering operators which will vanish upon acting on |V). Thus any overlap 
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of a closed string state \W) build by acting raising operators on |V) will be proportional 
to the corresponding overlap of the boundary state with |V) itself, the constant of propor- 
tionality being a number which can be easily computed using the matter Virasoro algebra 
and the b, c oscillator algebra. Thus, up to automatic operations, the boundary state for 
a solution is completely encoded in the (generalized) Ellwood invariants. 

We can beautifully formulate these observations in terms of the so-called Ishibashi 
states. Let {Va} be the space of non-singular spinless bulk primaries of weight {ha, ha) 
in the matter CFT.^ 

(Lo-Zo)lK) = {ha-ha)\Va)^0 (2.21) 

Ln\Va) = Ln\Va)^0, Tl > 1. (2.22) 

Let's define a BPZ-dual basis of primaries {V^} such that 

{V^\V0) = 5^. (2.23) 

This is possible once singular (null) states have been projected out. To any spinless vertex 
operator Va we can associate the corresponding conformal Ishibashi state which (up to 
normalization) is the unique state \\Va)) in the Virasoro Verma module of Va satisfying 
the Virasoro gluing conditions 

(L„-L_„)||K«))=0. (2.24) 

The exphcit form of the Ishibashi state \ \Va}) to any desired level can be found easily by 
solving the gluing conditions in the Verma module of Va level by level, and one finds in 
the absence of null states 



IK)) = 



B{ha, c) = 



+B{ha, c) (2(1 + 2ha)L_,L_2 - 2>{L_2L\ + L\L_2) + ^^^^^Ll.Li, ) + 
1 



2ha{8ha - 5) + c{2ha + 1) 



Had there been a null state at some level, the coefficients in this expression at that level 
would be divergent. For example the level 2 null state appears exactly for those values 
of h and c for which B{h, c) diverges. In such a case one should exclude the null states 
from the Verma module. Solving then the gluing conditions with null states projected 



^In CFTs on noncompact target spaces a will in general be a continuous variable, like the momentum. 
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out gives analogous expression to (2.25) but with finite coefficients. A simple closed form 
of the solution to the gluing condition for the general case has been found by Ishibashi 
[7]. One can write it as 

IIK)) = 5]!^'°^)® 1^'")' (2.27) 

n 

where the sum runs over orthonormal basis of states in the irreducible representation of the 
chiral Virasoro algebra built over the primary Va- We have also assumed that the closed 
string primary can be decomposed into product of holomorphic and antiholomorphic 
parts. Equivalently we can write [11] 

UK)) = ^M^"^(/i«)L_,Z_j|K), (2.28) 
ij 

where the indices /, J label the non-degenerate descendants in the conformal family of Va 
and M^'^{ha) is defined as the inverse of the real symmetric matrix 

Mij{ha) = (VIL.L.jIK) = {V"\LjL_j\Va). (2.29) 

The normalization has been chosen such that 



(V^"||V^)) = (V-|V^) = 5^. (2.30) 
Any boundary state \B^) in the matter CFT is therefore written as 

|5*) = E<II^°))- (2.31) 

a 

If we want to define BCFT^, through its boundary state, the must be precisely chosen 
in order to satisfy Cardy conditions (modular invariance) and sewing conditions (factor- 
ization of bulk n-point functions in open and closed string channels), see e.g. [12]. If the 
boundary state \B^) is known, we can easily get by 

< = (1/"|B,). (2.32) 

In the OSFT approach to BCFT, instead of searching for linear combinations of Ishibashi 
states obeying nontrivial consistency conditions, we search for solutions to the equation of 
motion. If OSFT is a consistent theory we expect such classical solutions to automatically 
describe consistent boundary conditions. 
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With the above premises, our proposal can be compactly written as 




where we used, see also appendix C 

(0|c_ic_iCo|S,,) = ((co-co)cc(0))if = -2 
= ccV 



(2.33) 



(2.34) 



(2.35) 
(2.36) 
(2.37) 



and "if TV is any OSFT solution for the tachyon vacuum whose contribution replaces the 
corresponding contribution from the BCFTq boundary state. 

2.3 EUwood invariants and boundary primaries 

It is useful and interesting to elucidate the relation between the primary boundary fields 
that are 'switched on' in an OSFT classical solution and the boundary state which is 
associated to the solution via the EUwood conjecture. To this end we consider the solution 
expressed as 

^-^ifj.y^J2Yl ® ^?rci|0), (2.38) 

j i,J 

where I, J are multi- indices of the form 



{nfe,...,ni}, nfe > nfe_i > ... > ni > 1 



(2.39) 



and L^f^^^^ ^ghost ^^^^^ -^^le corresponding product of negatively moded Virasoros 



L-x = L_n^...L_n^, 



(2.40) 



acting respectively on the matter primary and the unique ghost primary at ghost 
number one Ci|0). 



The corresponding solution in BCFTq=BCFTo®BCFT'^'^^ will be given by 

j I,J 



(2.41) 
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where 



= I0,)®|O)^"^ (2.42) 

^matter ^matter _j_ ^aux ^2 

Consider now a generalized EUwood invariant corresponding to a closed string field 

V0 = V^ = ccV^ (g) w^, (2.44) 

where is a weight (1 — hjs) primary in the c — BCFT*^"^ with unit one-point function 

on the disk, see Appendix C. 

In computing (^E[V'^] ^ — ^tv^ it is useful to consider the conservation laws of the 
anomalous derivations 

Kn = Ln - (-1)"L_„, (2.45) 

in matter and ghost sectors separately, which read, [6], (see appendix B for a simple 
derivation) 

{E[Vn\k^Z^ = -^{-irn{E[VP]\ (2.46) 

Thanks to these conservation laws one can get rid of all the Virasoros in the solution, 
level by level. It follows that^ 

bcft' 

3 

Here A!^ is a gauge invariant linear combination of the coefficients a"j which is determined 
by the conservation laws (2.46)^ 



^ Since wc arc computing an EUwood invariant, the tachyon vacuum solution can be traded for the 
simple string field 

2 

"^TV -ci|0). 

TT 

Thus, in the EUwood invariant, the difference between ^ and — '^tv) only appears in a universal shift 
in the coefficient of the zero momentum tachyon. 

^Sometimes it is more convenient to choose other basis to numerically determine the solution. For 
example it is customary to span the ghost Hilbert space with oscillators. Use of matter oscillators is 
also convenient especially in the zero momentum sector where higher level primaries appear. In this case 
other kind of conservation laws are needed, see appendix B. The final result after use of conservation laws 
is independent, level by level, on the chosen basis. 



13 



Notice that the i^^'^^^'s only depend on the weight of 0j, and are otherwise completely 
universal. 

Computing the EUwood invariant we find 



BCFT^ 



BCFT^ 
disk 



-4^^7r(V^(O)c0,(l))S^^^'' 



= 7r4'*^5';, (2.49) 



where 



(cc(0)c(l))«'r = -l('"''(0)>",r"" = 1 (2-50) 
(V'^(0)^,(1) = B^, (2.51) 

Notice that B^- are the basic bulk-boundary two point functions of the matter part of 
BCFTq. Using this we can express the coefficient in front of the Ishibashi state for the 
boundary state described by in terms of the bare bones 

4 = -1 E < >d^r'^"°^ ■ (2-52) 

As a consistency check we derive the same formula directly on the upper half plane 

bcft;, / ~ „ \ bcft;. 



-A-Ki ^ E[V'^] ) ° = -Am ( V\i, -i)fi o c(j)j{0) 



UHP 



h 1 / ~ o \ BCFTf, 

= -Am imt'-' ( V^t, -i)c<PM )^^^^ (2.53) 
h{^) - (2.54) 
Factorizing the correlator in ghost, matter and the auxiliary sectors 

/ ~ r, \ BCFTJ, 

(\^'^(z,-z)c0,(O)) = (c(z)c(-z)c(0))uHP (V^'^(^, -00,(0) >^^p {w^{t, -t))^^^ , 

\ I UHP 

(2.55) 

we find 

(c(^)c(-^)c(0))uHP - 2z (2.56) 
{w\^,-^)\^^ = A'^^-'{w\^,^))^^^^A^^-\ (2.57) 
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where use of (2.5) and (2.35) has been made. In total we thus get 



BQprpmatter 

UHP 



Consistently we find 



UHP 



'Disk 



2^^ A-^^ {V^{'d)(l)j{l 
l + iz 



disk 



IZ 



(2.58) 



Notice that the formulas (2.52) or (2.58) explicitly express the boundary state in terms of 
the BCFTq primaries that are switched on in the solution ^f. As we will see later on, this 
is very useful to identify the boundary conditions described by any numerical solution 
which, level by level, is always of the form (2.38) or equivalent forms. 



3 Analytic solutions: Rolling tachyon 

The aim of this section is to illustrate our construction in an explicit case where EUwood 
conjecture has been verified, and all OSFT computations have been done already. We 
select the simplest well-defined OSFT solutions corresponding to marginal deformations 
of the initial BCFTq, where the marginal current has regular OPE with itself. The whole 
construction can be readily extended [5] to the Kiermaier-Okawa solutions [13, 14], as well 
as to any other example in which the EUwood invariant has been shown to analytically 
compute the tadpole shift, for example [15, 16]. For definiteness we select the rolhng 
tachyon marginal deformations generated by the marginal current V — . 

These solutions have been constructed in the Bo-gauge in [17, 18] and extended to 
more general gauges in [19, 20] 

*A = Fc —^\ce^°F, (3.1) 

where F = F{Kf and K, B, c are the famihar string fields [21, 22, 23, 24, 25]. 

Civen an on-shell weight-zero primary closed string state V = ccV^^'^\ the EUwood 
invariant for this class of solutions has been computed in three different ways [26, 27, 



^We assume the conditions F{0) = 1, F'{0) < and F{oo) = 0. 
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28], and the result (conveniently subtracted from the BCFTq contribution, given by the 
tachyon- vacuum invariant) is 

/ , ri J jfO/ N \ BCFTo 

{E[V]\^-^Tv) = -(e-^^o'^-^'' Wv(ioo)c(0))^ 

1 / \ r2T x"/ ie\ \ BCFTo 

= --L/g-^/o -^e-^ (-'') V(0)c(l)) . (3.2) 

ATTl \ I disk 

The non-trivial rearrangement of the insertions in the solution into a simple boundary 
interaction is a general consequence of the particular form of the solution and the string 
field F(X), [28, 29]. 

This closed string tadpole is in fact closely related to the proper overlap of a closed 
string of the form ccV^ with the boundary state of ^ . 



-^C^e^\e-) ecll^,/^)(0)c(l)\'''''^° = 1 (e-^r ^^e-°(e-) _ -^^ .-.vjJ^M ^qA' 

I disk 2 \ / c 



BCFTo I / _^ ^x^U .re-, , . .^ . „ . \ ^CFTo 

disk 

^ \{B^\c-,\ccV^'^^), (3.3) 

where in the last line we have used the defining expression for the boundary state. 
Notice that although this relation is trivially true for any matter operator there is no gauge 
invariant observable in the OSFT defined on BCFTq (with generic boundary conditions) 
that could give the LHS of (3.3) for h^l. 

In the case at hand we have the luxury of an analytic solution and it is evident 
that the solution depends universally on all space directions and non-universally in time. 
Therefore, instead of tensoring an auxiliary BCFT, we can select any space direction, 
say Y — X"^^, and assign it Dirichlet boundary conditions. Because of universality in Y , 
the solution remains a solution in a different OSFT (in fact it just describes the rolling 
tachyon on a lower dimensional brane). Let's call ^ such a solution 

i^ = *(y^ Dirichlet). (3.4) 

Let's call BCFTq the same starting BCFTq of 26 free bosons and ghosts where the free 
boson Y has now Dirichlet boundary conditions, namely 

BCFTo = BCFTghost <H) BCFTo ® BCFTy (3.5) 
BCFT[, = BCFTghost ® BCFTo (8) BCFT^^^ (3.6) 

Consider now V*^'*^ = ccV^^'^\ where is a weight h level-matched primary of BCFTo. 

The state can be turned into a weight zero primary with a non- vanishing tadpole in BCFTq 
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Now we compute an EUwood invariant in this slightly modified OSFT 



Ci 

bcft;. 



27ri \ / disk 

BCFTo / ^ r^,r \ BCFT^* 



2m 

1 1 /e-^/o-<^^e-°(.«)(^^_,^)^,^.,.(oA^^^^«^ (38) 



Airi gy \ ' disk 

where we wrote, (A.l) 

BCFT^' 



l^/,.v/.-i.(0)) , (3.9) 

\ / disk 

and 

9Y = (3.10) 

is the disk partition function of the original BCFTy. 
We thus found 

= iccV^\^){c, - Co)e-^/o-^^e^°(e^^)\"''"° . (3.11) 
\ / disk 

Since the boundary state of the solution must be of the form 

\B^) = ® \By) ® \Bgh) (3.12) 

we have that 

(t>('^''^)||S;) = /e-^/o^''^^"°(^^')y'^''^(0)\''''^^° . (3.13) 

\ / disk 

Once this is true for any level- matched primary of BCFTq, it follows from the Virasoro 
gluing conditions that 

|£^) = e-^/o"'^^^"°|5o), (3.14) 

and then 

|i?*) = e-^/o^'^^'="Vo), (3.15) 
where \Bo) is the boundary state of BCFTq. 
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To elucidate the relation between Ishibashi states and EUwood invariants we can com- 
pute the energy momentum tensor of the solution. Following Sen (appendix A of [30]), 
the energy momentum tensor can be extracted from the general form of a boundary state 
describing a configuration of branes in flat Minkowski spacetime. 

\B) = J [F{k) + {A^,{k) + C^,{k))a't,a''_, + B{k){b^,c^, + b.,c^,) + ...] 4c,c,\0, 

(3.16) 

where 

= —Cuix- (3.18) 

Using this in the linearized equation of motion of Closed String Field Theory, one finds 
that the source of the graviton (i.e. the energy-momentum tensor) is given by 

T^,{k) = ^ ( V(A;) + 7j,.^B{k)) . (3.19) 

By inspection we find that^ 

A^%k) = ~{0,-k\c^iC_ia[^a'i^ Co\B) (3.20) 
B{k) = -^(0,-/c|c_ic_i^(ci6i + ci6i)co|5), (3.21) 
Notice that B{k) is the overlap of the boundary state with the ghost dilaton 

which is not a primary field. This seems to imply that B{k) cannot be computed from 
an EUwood invariant. However, using the 6c-gluing conditions 

(ci + c_i) |5) = {bi - b.i)\B) = (3.22) 

we find that B{k) is also (minus) the overlap with the closed string tachyon, which is a 
primary field. 

B{k) = ^(0, -A;|c_ic_i Co (3.23) 



^We use the normalization for the BPZ inner product 

(0,A:|c_iCoCiC_iCoCi|0,fc') = {2Trf'^ 5{k + k'). 
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In other words, looking at (3.16), we find, on general grounds 



B{k) = -F{k). (3.24) 

Since we are studying a spatially homogeneous process, only the timelike component 
ko = —iq of the momentum enters the computation. ^° We have 

= ^(e-''^>-iC-iCo|5*) = -27rz^y(£;[VT]|^-^Ty) (3.25) 

= cce-^^V^^^. (3.26) 
Prom the previous computation we find 

B^{q) = -/A(g)Vol25, (3.27) 

h{q) - (e-/o^-^^"(^'^)e--"(0))"° , (3.28) 

\ / disk 

notice that gy — Voly has been absorbed into the space volume V0I25. Notice also that 
Bis{q) is just the coefficient of the Ishibashi state ||e^^°)) in the boundary state. 
Continuing with A^^{q) we have 

^tiQ) = -^(e-''^>-iC-i«N^Co|i?^) = 27rz^y(E[F^]|^-^Ty) (3.29) 
= -2ccdX^'dX^^e-'^^° e"^^. (3.30) 

Computing the EUwood invariant gives 

A%{q)--fx{q)S'''^oh5. (3.31) 

We also trivially have 

A'^(q) = 0. (3.32) 

It is less straightforward to compute ^4^°. To get this contribution we have to contract the 
boundary state with the closed string state W — —2 : dX^dX^e~'^-^° :. Due to normal 
ordering this is not a primary field (for nonzero momentum) and we cannot directly 
compute this contribution from the EUwood invariant. We have first to decompose the 
state in primaries and descendants, and use the Virasoro gluing conditions of the boundary 
state to reexpress the contribution from descendants in terms of primaries. 

(e-«^°|c-ic-i«?a? = -^(e"''^"|c_lC_lL^^""■"L5^'^""^ g ^ 0. (3.33) 



^°We define |e^^°) = \0,iko), we mimic the needed Wick rotation in time by setting (e^^°|e^ x°^{x°) 
2TTS{q + q'). 
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For nonzero momentum we thus have 



1 2 



„—qX^\„ - r matter r mattci- — I 75 \ 

„ 2 r-iC-i-t^i Cq 

''^ r 7- matter 7- matter] ^— 1 rj \ 



q,2 

4 

= 5*(g) = -/,(g)Vol25, q^O. (3.34) 
Notice that this contribution comes from the first nontrivial level of the Ishibashi state 

||e«^")) = (^1 + ^L'lf ^"'^Z'lf*^'' + ...^ le"?^"), 

thus it is not surprising that we get the same result as if we contracted the boundary 
state with the closed string tachyon. 

For g = 0, 9X°9X°e~^^° is a primary and probes the Ishibashi state \\dX'^dX^)) . 
Thus for zero momentum we have 

A°\q = 0) = -i(0|c_ic_ia°a°Co|5^) = 27ri(E[Vni^-*TW (3.35) 

V°° = -2ccaX°aX°, (3.36) 

which gives 

A^iq^O) = Vol25(e-^^o'''^^-" (e'^)(_2)9X°9X°(0)\ 

\ / disk 

= V0I26. (3.37) 

Notice that because of momentum conservation the boundary interaction is not giving 
any contribution, this would not be the case for the coshX° deformation. The energy 
momentum tensor in g-space is thus given by 

T^(g) = ^ {A'i{q) + 5^^ B{q)) = -f,{q) 5^^ Voh, (3.38) 
r°(g) = (3.39) 
r°0(g) = ^{A%%q)+n''B^{q))^0, g^O (3.40) 

T'%q = 0) = I (A°°(0) + v''B^{0)) = I [V0I26 + /a(0)Vo125] . 
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Looking at the definition of fx we see that 

h{0) = (e-^^^"°)disk = (l)disk = Vol(xo), (3.41) 
with our zero mode normahzation we have 

Vol(xo) = (0|0) = 27r5(0), (3.42) 

in other words, we found 

T00(g) = 27r%)Vol25. (3.43) 

It remains to compute the disk amphtudc f\{q). In fact this amphtude has been computed 
by Larsen et al. in [31]. Here our approach is seemingly different but equivalent: instead 
of getting time dependence by isolating the time zero mode from the path integral, we 
contract with the state e~'^° and then Laplace transform in q to the 'closed string time' 
see later. Combining [31] with the appropriate momentum conservation, we get 

h{q) = (e-^/o^'^^^"°(^")e-^^°(0)\''" (3.44) 

\ / disk 

oo 

= J2i->^n^S{n-q), (3.45) 

n=0 

where we took advantage of the disk geometry and the fact that the distance between the 
boundary insertions and the bulk insertion is always 1. 

To find the explicit dependence in time we should in principle Wick rotate, Fourier 
transform and Wick-rotate back. A tailor-made shortcut for this particular example is 
just to Laplace transform in real time, without any Wick rotation. In particular we have 

/a(^°) - ? /A(g)e^^° = (3.46) 



'0 



27r-'^"' 1 + Ae^ 



We then find 



Tij(r^) 1 

r°°(x°) 

Vol 
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1. (3.48) 



This is the usual energy-momentum tensor for a half S-brane exhibiting energy con- 
servation and exponential decay for the pressure. 



^^We noticed the following curiosity: if we change the boundary condition on to Dirichlet X°{0, tt) = 
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4 Numerical solutions: Lumps in Siegel gauge 



The aim of this section is to show how to construct the boundary state from numerical 
solutions in the level expansion. Our interest is in the Siegel gauge lump solutions initially 
studied in [34, 35, 36] and recently constructed to greater accuracy by two of us (M.K, 
M.S.) [37]. 

4.1 Moeller— Sen— Zwiebach lump at R = ^/3 

In [34], up to L = 3, the lump solution along a compact direction X, with radius R, has 
been given in terms of the towers 

|r„) = ci cos (^X(O)) |0) 

\Un) = c_i cos Qx(0)) |0) 

IK) = CiLL? cos (^X(O)) |0) (4.1) 

\W^) = ciL'_2 COS Qx(0)) |0) 
\Z„) = ciL^lL? cos QX(0))|0), 

in the form 

I*) = 5^ itn\Tn) + Un\Un) + VnK) + Wn\Wn) + Zn\Zn)). (4.2) 

n|L<3 

The Virasoro's appearing in the expansion of the solution are purely matter and are split 
in 

according to 

gQprpmatter ^ BCFT^J BCFT^^25- 

a;" then (3.1) is no more a solution, because the boundary operator = is now a weight zero number. 
This oflF-shell string field is however a state in the KBc algebra and we can easily compute its Ellwood 
invariant with a graviton vertex operator V*^ = —2ccdX^dX^ in quite full generality, [16], to find 

-2ni < Elvn^^^ - ^Tv )^''°"°'"^ = - Y^r^Xi^-^^'Vol^a = r^^^^{x^) = T^^x' + logw) 

where w = —-^F^{K)\^_^ > 0. Note that although the invariant depends now on the choice of security 
strip (the 'solution' is no more a solution so changing the security strip is no more a gauge transformation), 
the dependence is physically irrelevant as it can be absorbed in a shift in the marginal parameter and 
thus a shift in time. This reminds of previous observations on the late time behavior of this solution, 
[32, 33]. 
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Ghost degrees of freedom are spanned by ghost oscillators. More zero momentum pri- 
maries of BCFT^^) appear at higher levels and a more convenient basis is thus given by 
oscillators in X-direction, [36, 37]. For the time being we consider (4.2) at radius R — -\/3. 
The reader can find the coefficients (t„, it„, Vn, Wn, Zn) of (4.2) in table 3 of [34]. 

Our aim is to use the result we derived in section (2.3), which allows to define the bound- 
ary state in terms of the primaries that are switched on in the solution. The formula (2.52, 
2.58) linearly express the coefficients of the Ishibashi states in terms of the coefficients of 
the solution. 

We will be interested in computing the energy density profile of the lump and its pres- 
sure along the direction X on which the lump is forming. These quantities can be easily 
obtained from generalized EUwood invariants. As in the rolling tachyon case, instead of 
tensoring an auxiliary BCFT of c = 0, we just change a space direction Y = X"^^ to have 
Dirichlet boundary condition. Since the numerical solution is not turning on any primary 
along Y , the coefficients of the Ishibashi states we compute are not affected by this. 
For the energy profile we have to compute the following generalized EUwood invariants 

K = -47ri ^ E[ccaX°9X° 6^^+"^] \^-^Tv)- (4.3) 

The n = contribution is precisely the mass (normalized to 1) of the lower dimensional 
brane, (it is the coefficient of the Ishibashi state of the zero momentum graviton in the 
time-time direction). In terms of the momenta E^, the energy density proffie can be 
defined as a simple Fourier series^^ 

E{x) ^ T'\x) = ^ (^-E, + J2En cos . (4.4) 

If a solution describes a lower dimensional brane sitting at a; = 0, its energy density profile 
should be given by 

£W = iW = -L(^i + feosf). (4.5) 

Thus an exact lump solution sitting at a; = will be characterized by 

En — 1, n — 0, oo Exact Lump. (4.6) 



^^This is T^^ = ^{A^^ — B) as defined in (3.19). In the present context, it is easy to check that 
A'^^ = —B = E, see (3.35). In this section we set to unity the volume of CFT'. Moreover we normalize 
the zero mode in the X CFT with the choice (0|0) = R. With this choice the observables we compute 
are naturally related to integer numbers. 
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To compute the pressure we need in addition the coefficient of the Ishibashi state for a zero 
momentum graviton along the X-direction, which is captured by the EUwood invariant 

D = 4m(^E[ccdXdX] ^ - ) ■ (4.7) 

This quantity measures how much the original Neumann boundary conditions on the 
X-BCFT are changed to Dirichlet by the solution. If the solution describes Neumann 
boundary conditions (like the pcrturbativc vacuum) we will have 

L*^ = 1 ~ ( dXdX{0) , (4.8) 

while for a single lump we should have 

D^ = -l^{ dXdX{0) . (4.9) 

The pressure transverse to the lump is given by (minus) the half sum of Eq and D^^ 

P=~{D + Eo). (4.10) 

Thus an exact lump solution will be characterized by 

P = Exact Lump, (4.11) 

the pressure transverse to a D-brane is zero. Let's see how to compute the E^s and 
D. In order to do so it is very convenient to use the conservation laws for the EUwood 
invariant. These conservation laws have been first derived in [6] and [26], we re-derived 
them (together with a few useful ones) in appendix B with a simpler method. In this 
particular case we can consider 

to be a total weight zero primary with weight {h, h) in the X direction. Then we have 

{E[V^]\U^) = {E[V%T^) (4.12) 

(£;[v'^]|K) = -(^16/1-0 (£;[v'^] it;) (4.13) 

{E[V^]m = - (£^[Vl|r„) (4.14) 

{E[V%Z^) = -2-(E[V^]|T„). (4.15) 



^^This quantity is T''^'^ = \{A^^ + B) = \{A^^ - A°^), see discussion around (3.19). Its computation 
proceeds analogously to the T^^ computed in the previous section for the rolling tachyon, sec (3.34). 
The nonzero momentum part of A-^-^ is computed by writing dXdXe"^-^!^^ as a descendent of the 
tachyon e^'^-^^^, which precisely cancel the corresponding contribution from B = —A°^. So only the zero 
momentum part is nontrivial and it gives rise to the expression (4.10). 
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Thus, up to level 3 



T 

J. 



(4.16) 
(4.17) 



m|L<3 



where the coefficients are given by the conservation laws (4.12) 



nm 



e - / 1\ { .^'^ 7\ 2m2 



(4.18) 



Notice that the tachyon vacuum has been subtracted from the solution by the —^\Tq) 
term in fnm- We are left with a single EUwood invariant whose computation gives, see 
(2.58), 



-A7ri(E[ccdX^dX''e''^+'^^ 



m / — 2 "nm 2 



Thus we have 



2 2 ■ 



(4.19) 



(4.20) 



The computation of D proceeds analogously but in a simpler way, since only the zero 
momentum part of the solution participates. Using the conservation laws (4.12) we find 

D = Am(E\ccdXdX] 



= Amdo(E[ccdXdX] 



_ ttR 
- -—do, 



where, up to L = 3 



2 31 25 

do = \-to + Uo- —Vo + —Wo. 

71 II 



(4.21) 



(4.22) 



Using the coefficients given in table 3 of [34] we find the following values 





Action 


Eo El E2 E^ 


D 


P 


1/3 


1.32002 


1.23951 0.743681 


1.23951 


-1.23951 


4/3 


1.25373 


1.14776 0.741903 0.825738 


1.14776 


-1.14776 


2 


1.11278 


1.10298 0.830459 0.927894 


-0.574734 


-0.264122 


7/3 


1.07358 


1.07489 0.899585 1.0405 


-0.992768 


-0.0410632 


3 


1.06421 


1.0645 0.89973 1.07981 1.23776 


-1.08289 


0.00919196 


Expected 


1 


1111 


-1 
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Figure 4.1: (a) Gauge-invariant energy density profile of the Siegel-gauge-lump at R = at 
levels L = |, |, 2, |, 3, as defined by eq. (4.4). At level 1/3 only one harmonic is available and 
corresponds to the less localized profile. At levels L = 4/3, 2, 7/3 the second harmonic enters 
the game and the profile is essentially unchanged till L = 3 where the third harmonic gives a 
substantial contribution. (6) Plot of ^ + X]^=i cos , for N = 1, 2, 3, at i? = a/S. This 
is how the delta- function forms in an expansion in harmonics. 

In the first column we have also written down the mass of the lump as computed from 
the action, table 4 (r^^)) of [34]. The pressure is nicely going to zero. To give an optical 
visualization we plot the energy density profile in figure 4.1a. To compare we plot the 
approximants of the delta function (^-^ + J2n=i "^^^ ^ = 1; 2, 3, see figure 4.1b. 

It is also interesting to qualitatively compare with the known open-string-tachyon profile 
(given by J2n^n cos ^x, see figure 4.2). It is apparent that in the 'closed-string' profile of 
figure 4.1 the higher harmonics play an essential role in localizing it to zero width, while 
this does not happen in the open string profile. This is a consequence of the geometry of 

the identity string field, which effectively dresses the tachyon coefficients t„ with 4«^ thus 
amplifying the effect of higher harmonics. As it often happens, subleading contributions 
in the Fock space can have important sizable effects in observables. 

Up to here, we have just used the coefficients given in [34]. There, the maximum level 
is L = 3 and it is thus desirable to have a higher level confirmation that our proposal 
is indeed computing the correct energy profile, because subtleties related to the identity 
string field might manifest themselves at higher levels. With the code developed by two 
of the authors [37] it is possible to go up to L = 10 with a reasonable personal computer 
power and to explore the lump solutions for different radii. Using cluster facilities we 
arrived to level 12 and, for R = a/3 in the same (L, 2L) scheme as [34], we found^^ 

^^At higher levels it is more convenient to span the state space of BCFT^'^) with oscillators acting on 
momentum modes. The conservation laws that are needed to compute the above invariants are derived 
in appendix B. 
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Figure 4.2: Traditional open string tachyon profile of the Siegel-gauge-lump at R = -\/3, 
at levels L = ^ (blue line), 2 (magenta line), 3 (yellow line) and L = 12 (red thick line): 
higher harmonics are suppressed in the Fock space and the open string profile is essentially 
unchanged by increasing the level. 
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The first three lines reproduce the results obtained before using the coefficients of [34] . 
All the energy harmonics appearing at L = 3 show better approximation to the correct 
value 1. However starting at level 6 the E4 harmonic enters the game and it will take 
some more levels for it to start converging to 1. Indeed it appears that higher harmonics 
oscillate quite erratically before converging to the expected value. We notice that also 



"'^^The convergence of the E^s in level truncation does not appear to be uniform and the level at which 
En starts converging increases with n. Technicahy speaking, the energy profile must be understood as 



E{x) = ^ lim 



lim ( -E, 



(L) 



N \ -| 

n— 1 / 



In terms of the geometrical definition of the level expansion this means that one would need to consider 



lim lim {E[V]\z^°\-^'^^^), 

2— !-l L^OO 
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the invariant D (which is a genuine EUwood invariant) is oscillating with a not so clear 
pattern with a similar behavior which has been studied in [38] . 



4.2 Double lumps at i? = 2v^ 

For R> 2 multiple lump solutions are energetically reachable from the perturbative vac- 
uum via tachyon condensation. As a further application of our formalism we considered 
double lump solutions. These belong to the family of recently discovered numerical so- 
lutions, [37]. The interest here is to show how our gauge invariant expression for the 
energy density can be used to measure the distance between the lower dimensional branes 
described by the solution. Another gauge invariant measurement of the distance would 
be given by the mass of stretched strings between the multiple separated D-branes, which 
might be harder to measure in the level expansion with enough precision, as it would 
require a careful study of the linearized fluctuations. 

Suppose we have a solution \l'a describing two D-branes on a circle of radius R, sym- 
metric around the origin and at a distance a {2t:R) from each other. The energy of the 
solution will be given by 

= 2, (4.23) 

meaning that we have two lower dimensional branes. But how does the number a show 
up in the E^sl The exact profile of a double lump configuration with separation a (27ri?), 
centered around Trit!, is given by 

1 / 1 °° \ 

E^a){x)^5(x-T:R{l-a))+5(x-T:R{l + a)) = U^o + J] cos ^ . (4.24) 



n=l 



Integrating both sides against cos ^ gives 



i 



R 
2itR 



X 



dx COS — E^a)(x) — —2 cos(7ra) = Ei. (4-25) 



Thus, in the case of a two-lump solution, the invariant Ei measures the distance between 
the two D-branes 

1 / E-,^ 



ai — — arccos — — j . (4-26) 

The arc-cosine is defined here in the standard branch arccos(O) = |. The other branches 
would give the lengths of all the possible open strings stretching between the branes and 



so that we first let the approximate solution \E'(^) to converge to the exact solution and then we send the 
regulating strip to zero width. In this way there is a natural cutoff given by zn^ for higher harmonics. 
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wrapping the circle at the same time. Higher harmonics can also be used to compute the 
distance, and integrating (4.24) against cos ^ we find 

K = 2(-l)"cos(n7ra) (4.27) 

Solving this equation for a requires some care in choosing the correct branch of the arc- 
cosine. This must be done in such a way that the distance computed from any En gives 
the same value Oi as computed from Ei. The result can be written as 

a„ = (-i)f"_ arccos (-1)"^ + n > 1 (4.28) 

7rn \ 2 J n 

where [x] stands for integer part and the integer p„ is uniquely chosen such that 

Pn ^ ^Pn + i 

— <ai < , 

n n 

which gives 

Pn=Ki]. (4.29) 
Clearly for the exact solution we should have 

an — a = Distance, Vn > 1, (4.30) 

which is a quite nontrivial constraint between the various En, which will be only ap- 
proximatively satisfied at finite level. For generic multiple lump solutions, the relative 
distances between the various D-branes can be computed from the i?„-invariants along 
similar lines. Let's look at a particular example. At level (12, 36) we selected a double 
lump solution obtained at i? = 2\/3 which displays the open string tachyon profile shown 
in figure 4.3. The gauge invariant data of the solution are given by^^ 



^^The solutions at level 2 and 4 (marked in the table with an asterisk) are actually complex. We 
show the real part of the observables (which would contain a tiny imaginary part of order 10~^ - 10~^ 
depending on the observable and the level). 
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Figure 4.3: Open string tacliyon profile of a two-lump solution obtained at R = 2-v/3 and level 
L = (12,36). 
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- 0.295048 


12 


2.01658 


- 1.81655 


2.02687 
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2.07383 


- 0.514651 
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1.60158 
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10 
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The expected values for the EnS have been derived using (4.27) from the distance 
a* = 0.299 ±0.001 computed later on. In appendix D another different two-lump solution 
and a single lump solution are shown for the same value of R — 2-\/3, all results have been 
pushed to level L — (12, 36). The (£"0, D) invariants and the action are clearly indicating 
that we are dealing with a two-lump solution. 

Prom El, at the maximal available level L — 12, we can compute 

-1 / E^^^^\ 
^(L-12) ^ _ ^^^^^g / 1_ J ^ Q 316357 (4.31) 

Looking at figure 4.3 we see that this is consistent with the distance between the minima 
of the open string tachyon profile, which, at the same level L = (12, 36), is given by 



(L=12) 
open 



(4.32) 



Also E2 and E^ gives approximated distances which are quite close to a 



open 



af=^'^^ = ^ arccos ( J - 0.306633 (4.33) 

1 / E^^^^ 
-^2) = — arccos I 1— | = 0.300927. (4.34) 

Going further with the harmonics we have to change the branch of the arc-cosine, accord- 
ing to (4.28) 

1 ( E^^'^^\ 1 

^(L-12) ^ __ ^^^^^g / J + _ = 0.309934 (4.35) 

if F^^^^N 2 
^(L-12) ^ ^^^^^^ ^_ + _ = 0.30818 (4.36) 

1 ( E^^'^^\ 1 

^(L-12) ^ ^^^^^g ^_ + _ ^ 0.313486. (4.37) 

67r \ 2 I 3 

Notice that by (4.28) the E^s must be bounded by 2 in absolute value, to be consistent 
with a two-branes interpretation. The En>6^s already show 'incorrect values' up to level 
8 and indeed they would need higher level to start showing a convergence pattern. The 
set of candidate gauge invariant distances (ai, 02, 03, 04, 05) is plotted in figure 4.4 for the 
range of levels L = 2, 3, .... 12. To obtain a prediction on the actual distance between the 
two D-branes, we have to find a way to extrapolate the observables of the approximate 



31 




4 6 8 10 12 



Figure 4.4: Gauge invariant distances an as computed from the first five E'ra-invariants, as a 
function of tlie level (L = 2, 3, 12). Notice tliat starting from L = 4 tlie a^s show a quite 
clear (but not so fast) convergence pattern. 



level-truncated solution to infinite level. Rather surprisingly, we observed that a simple 
1/L fit gives results which are nicely consistent within the first five harmonics. For any 
harmonic n = 1 , . . . , 5 we fitted the values of ai^'' 

a^,^) ^ ai~'^— ) + , (4.38) 

Ij 

in the range of levels {Lmm, Lmax = 12) for all possible Lmin^ in the range 

4 < Lfnin ^ {Lmax ~ 2) = 10. 

The lower bound 4 < Lmin is justified by figure 4.4 and the upper bound is necessary to 
have at least 3 points to fit. See figure 4.5 for an example. 

By varying Lmin one can have an estimate of the error of the linear fit. For any 
frequency n we take the mean value ai°°^ from the results obtained for different Lmin and 
we take the associated standard deviation an as a measure of the error. The obtained 
values are the following 
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Figure 4.5: Plot of the distances ai and 02 as functions of together with their best fit 

aJi ' + ^^-j . The fit here is done in the range L = 4, . . . , 12, i.e. L™n = 4, and it 

appears to essentially capture the dependence of the a^'s with the level. 
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0.001 
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0.001 
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0.299 


0.004 


4 


0.299 


0.003 


5 


0.298 


0.002 



These are five independent 'measurements' of the distance and the fact that they are 
all mutually consistent is quite a nontrivial check for the linear fit. Given the mutual 
consistency between these values, we can average them with weights Wn = l/o"™ and 
obtain the value for the distance 

a, = 0.299 ±0.001, (4.39) 

where the error has been computed with Wn) ■ 

Since we are 'measuring' a modulus of a BCFT in an unknown point of its moduli 
space via an approximated OSFT solution, we do not have a given value to compare with, 
but to appreciate to what extent a* ~ 0.3 is consistent with the distance between the two 
D-branes described by the solution, we plot the energy profile of the solution including 
up to 6th harmonic against the corresponding truncation of a sum of two delta functions, 
at distance a = 0.3, see figure 4.6. 

For completeness, few more calculations are needed to completely reconstruct the 
boundary state for a system of parallel lower dimensional branes. At zero momentum 
we have an infinite tower of bulk primaries with weight {h'^,h'^) for integer h. Here we 
have only considered the coefficients of the Ishibashi states for the identity (captured by 
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Figure 4.6: Plot of ^ {^^o + X]™=i -^n cos in blue line, against the corresponding trunca- 
tion of a sum of two delta functions, in magenta line, at a separation a* = 0.3, for m = 4 (left) 
and m = 6 (right). Here R = 2\/3 and the coefficients are obtained at level L = (12, 36). Notice 
how the profile of the truncated solution displays a slightly bigger effective distance than the 
'exact' one, as if the lumps were getting closer by increasing the level. 

Eq) and for the weight (1,1) primary dXdX (captured by D). We didn't compute the 
coefficients of the Ishibashi states of the higher level zero momentum primaries. It would 
also be necessary to verify that the coefficients of the winding modes Ishibashi states are 
vanishing, as it must be for Dirichlet boundary conditions. As for the zero momentum 
primaries, these coefficients too get contribution only from the zero momentum part of 
the solution. We leave these computations for future work. 

5 Conclusions 

In this paper we have proposed and analyzed a simple shortcut to compute the BCFT 
boundary state corresponding to a classical solution of OSFT. In a nutshell, OSFT pro- 
vides the coefficients for the linear combination of Ishibashi states forming the boundary 
state. These coefficients are given by Ellwood invariants of a modified OSFT where a 
trivial BCFT^'^''^) with c = has been tensored with the original BCFTq. In most cases 
it is however sufficient to assign one space-time direction Dirichlet boundary conditions. 
The essence of the trick is to associate to any closed string primary of the form ccy™'^**'^'' 
a corresponding weight zero primary with nonvanishing tadpole thanks to the Dirichlet 
boundary condition, without altering the physics described by the solution (the solution 
remains a solution in the tensor theory). Assuming Ellwood conjecture thus completely 
defines the boundary state. 

Given any solution \E', a family of closed string states \B^{'^))^^^ has been constructed 
in [4]. These states are conjectured to be BRST-equivalent to the boundary state we deal 
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with in this paper. Among other things, the construction depends on a free parameter 
s and, in the s — > hmit, under some assumptions on the regularity of the solution, 
one recovers the worldsheet geometry of the EUwood invariant. Our construction, where 
spinless matter primaries are lifted to formal elements of the closed string cohomology 
in an enlarged CFT, applies to [4] as well. All the derivations of [4] go through in the 
tensor theory and, inside the (enlarged) closed string cohomology, they clearly agree with 
our general results of section 2, assuming Ellwood conjecture. Thus, in principle, the 
coefficients of the Ishibashi states (2.34), and hence the full BCFT-boundary state, can 
be computed as well from 

^* = -^(V"|(co-Co)|S.(|r))(^). (5.1) 

The construction at finite s is a gauge invariant deformation/regularization of the general- 
ized Ellwood invariant. The final s-independence of this deformation is a consequence of 
closed string linearized gauge invariance (the dependence of \B^{^))^^^ on s is, in general, 
at most BRST exact) and, ultimately, of the validity of the OSFT equation of motion, 
[4]. This is an important point given that there are in general infinite families of string 
fields sharing the same Ellwood invariants with OSFT solutions. 

Defining the boundary state from OSFT can potentially contribute to the development 
of boundary conformal field theory. The classification of consistent boundary states in 
a given CFT background is, at present, still an open problem. Our proposal gives a 
complementary way of determining the coefficients of the Ishibashi states, without having 
to deal with complicated consistency conditions such as Cardy or various sewing conditions 
[12]. What we have to do, instead, is to solve the OSFT equation of motion. This, at 
least in principle, is a clear well defined task and we have at our disposal a lot of analytic 
and numerical tools for progressing in this direction. 

From the OSFT point of view, it is important to understand if the space of classical 
solutions is bigger or smaller than the space of consistent boundary conditions. Suppose 
OSFT has more solutions than expected: this, for example, could show up in exotic "non 
integer" values for the Ellwood invariants (an example of this possibility has been found 
[39], in the context of cubic super string field theory) and hence our boundary state would 
violate Cardy conditions. On the other hand, our method could prove useful in the search 
for solutions associated with generic BCFT's whose boundary state is given. Matching 
the generalized Ellwood invariants of a to-be-found solution to a target boundary state 
with given BCFT moduli, will partially constrain the coefficients of the solution and a 
full solution can in principle be searched for in the level expansion (or in some other 
regularization) by extremizing the constrained action. Consequently one must verify that 
the full action is also extremized, along the lines of [40]. However it is not guaranteed. 
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see for example [41], that such a solution would exist for any choice of the BCFT moduli. 
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A BCFT^^"^) 

An explicit example of BGFT^^"''^ is given by tensoring a free boson with Dirichlet bound- 
ary condition (c = 1) with an appropriate c = — 1 BCFT. 

For the first Dirichlet factor it is useful to recall the following one point function (in units 

{:^-:{z^z))^^^-\z^)^ (A.l) 

Here we take g to be a generic complex number. For q imaginary, the vertex operator 
has positive weight. For q real it is a negative weight primary and it is not normalizable 
as a free field. However in the presence of Dirichlet boundary conditions, the divergence 
of the zero mode integration is weaker than the delta function imposed by the boundary 
condition. To derive (A.l) we start with the Green's function on the disk with Dirichlet 
boundary conditions. 

G(z, w) = ( X{z, z)X{w, w) )™ = ~ log \z - w\' + \\og\l - zw\\ (A.2) 

where the disk is defined by \z\ < 1. One can easily check that 

G{e''^,w) = G{z,e'^)=0, (A.3) 

meaning that the Dirichlet condition X[\z\ = 1) = is satisfied. The first term is just 
the usual Green's function on the complex plane (no boundary) while the second is the 
effect of the Dirichlet boundary conditions. Only the first (bulk) term in (A.2) should be 
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subtracted for closed string vertex operators. Then the result (A.l) easily follows from 
usual Wick contractions. 

An example of the needed c — —1 theory can be taken to be a free boson with 
background charge Q with an energy momentum tensor given by 

T{z) = - : d(i)d(j) : +iQd'^(t) (A.4) 

The central charge is given by 

c = 1 - eg^. (A.5) 
So we have c = — 1 for Q = The weight of a primary field is 

Me»1^f(f-,)^f(f-is). (A.6) 

Notice that, differently from the Q — Q case there are now two operators with vanishing 
weight, one being the identity operator and the other being 

w{z) = e^^^^\ (A.7) 

which is in general needed to screen the background charge. The boundary conditions in 
the upper half plane are of Neumann type 

(j){z) = (j){z), z = z (A.8) 

We normalize w such that the disk correlator is given by 

{w{z))disk = (w(^))disk = (w(O)uHP = (w(O)uHP = 1, V^,^. (A. 9) 

Another simple option for BCFT""^ is to choose a product of two free bosons (c = 2) 
with Dirichlet boundary conditions, and the symplectic fermion theory with c — —2 
constructed in [42].^''' The advantage of such a choice is that we do not need the analogue 
of w to saturate the zero modes on the disk. 

B Conservation laws for the Ellwood invariant 

In this appendix we derive a set of useful conservation laws for the Ellwood invariant. 
Some of them have been derived already in [6] and [26] . We present an alternative simpler 
derivation. 



^^Further details and references are summarized in [43] . 
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B.l Review of conservation laws of the identity string field 

To start with, it is useful to recall some standard conservation laws for the identity string 
field |/) (see [9, 44] for review). They will be later modified by the closed string states 
at the midpoint in the EUwood invariant. The first one is the anomalous conservation of 
Kn, for nonvanishing central charge c, 



K„ = L,-(-l)"L_„, (B.l) 
{I\K^ = ^n(^+(-^)")(/|. (B.2) 

Another useful conservation law is given by the modes of current idX, which reads 

An = a„ + (-!)"«-„, (B.3) 
{I\An = 0. (B.4) 

Because of non-anomalous momentum conservation in the X-CFT, this conservation law 
shows no anomaly. Let's come to the ghost sector. Prom the conservation of we can 
read-off, by analogy, the conservation of B^, which is not anomalous {b{z) is a genuine 
weight two primary) 

Bn = 6„-(-l)"6_n, (B.5) 
{I\Bn = 0. (B.6) 

There is also an analogous (anomalous) conservation for the c-ghost which reads 

Cn = Cn+{-irC.n, (B.7) 

(/|C2„ = -(-l)"(/|Co, (B.8) 
{I\C2n+l = -(-l)"(/|Ci. (B.9) 

B.2 Virasoro conservation laws 

In this section we compute general conservation laws for Virasoro generators. Suppose 
that the total CFT is the tensor product CFT^^^ ® CFT^^^, of two CFT's with central 
charges c and — c respectively. The energy- momentum tensor decomposes as 

T{z)^T^^\z)+T^^\z). (B.IO) 

The weight-zero vertex operator entering the EUwood invariant can be written as 

V{z,z)^vi;'/'%''-~'\z,z), (B.ll) 
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where h and h are the holomorphic and antiholomorphic weights (not necessarily the 
same) of V(i) with respect to T^^\ The corresponding BRST and conformal invariant 
EUwood state is given by 

{E[V]\ = {I\V^''%''-~'\t,-t). (B.12) 

We start the computation of the conservation law for the modes of T^^^ , using the anoma- 
lous derivation 

where the holomorphic vector field Vn{w) is given by 

Vniw) = «;"+^ - (-!)"«; (B.13) 

We have 



Jo 27ri 

Now, using the formalism of [45, 9], we write (/| = (0|C//, with 

2w 



being the identity conformal map and we move the operator Uf to the right of the other 
operators. 

l^M^) {I\V^:^{^)V^S{-^)V;;,]''-''\^, -z)T«(^) 

At this point we notice that the geometry of the identity string field, together with the 
involved operator insertions at the midpoint, implies that 



/ = -i / . (B.15) 

Jo ^ J(i.-i) 



To see this we start with the simple observation that the integrand has only poles in 
(0, ±i, oo). The poles at the midpoint arise from the T — V contractions and from the 
Schwarzian derivative 
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Then we notice 



/ 



s 



f 



1 

w 
1 
w 

1 

w 

1 

w 



(B.17) 
(B.18) 
(B.19) 
(B.20) 



from which it follows from contour deformation that 

1 







We thus get 



I i ^-'^(^)[/'H]' i^K^ml^i-^) T^'\nw))vi,^'^-'^uj 



dw 
{i-i) 27ri 



(/H - i? fH - i 



(1) 



i-h-h), 

(2) \ 



+ 



1 

2 

c 

24 



dw 



2m 



27ri' 



hv; 



Ch)i 



(1) 



(/H 



+ 



It is easy to see that the terms proportional to the non primary operators dV gives 
vanishing contribution. Everything thus simplifies down to 

h h 



If dw 

- -2l_,2^^^^-) 

'i-(^l-4h)+{-ir{^-4-h)] {E[V]\ 



+ 



{E[V]\ 
(B.21) 



"'^^This would not be the case if we worked in the geometry of the local coordinate w where we would 
have ended with the singular insertion ~ Vn{i){I\dV{i) ~ x oo. In this case one would need to displace 
the insertion a bit away from the midpoint and send the regulator to zero after taking the residue. This 
gives a finite net contribution which adds up to the naive contribution from the double pole. In the global 
coordinate geometry w = f{w) no regularization is needed and the total contribution just come from the 
"double pole" ~ (f(v^±i)i ■ Similar considerations apply to the other conservation laws we discuss next. 
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Summarizing, we found 



(B.22) 



/2\ — 

The conservation law for Kn is simply obtained by changing c ^ —c and (/i, h) 

i-h, -h). 

B.3 Oscillator conservation laws 

It is useful to derive the conservation laws for the current i\pldX of a free boson. We 
focus on Ellwood states with two kinds of closed string vertex operators: pure momentum 
modes and the zero momentum primary dXdX . First we compute the conservation laws 
of a oscillators acting on momentum modes. We define 

A„ = a„ + (-!)"«_„ - y ^ 9nW) iV2dX{z). (B.23) 

The function gn{w) is defined as 

^„H = «;" + (-lr«;-^ (B.24) 

and obeys 

9n[-^=9n{w). (B.25) 
Acting with on a Ellwood state of definite momentum^^ 

(/|e^'=^(z,-z)l^(2)(z,-z)A„ = iV2 j^^gr,{w){I\e^>^''{i,-i)V^2){i,-i)dX{w) (B.26) 

= zx/2jf^^„(«;)/'(«;)(0|e^^^(z,-z)aX(/(^))V^(2)(^,-^)t//. 
As in the previous section, here again we notice that, because of (B.25) we can substitute 

Using the OPE 



'(i-i) 



e-(. -.)aX(m) ~ -f + ^1 -0. (B.27) 



^^The plane wave e*'^'^ is supplemented with a primary in a decoupled sector of weight — which we 
call V(2). 
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and taking the residues at the midpoints we are left with the simple result 



(7| e^'=^y(2)(i, = -(i" + {-ir)V2k{I\ e^^^y(2)(i, -i) 



(B.28) 



In addition, we need the conservation laws for the EUwood invariant given by the zero 
momentum graviton vertex operator ccdXdX. 

{I\cc(i, -i)dXdX(i, -i)An (B.29) 

= i\f2 l—gn{w){I\dX{i)dX{-i)dX{w)cc{i,-i) (B.30) 
Jo 27r« 



= i^/2j^^gr,{w)f\wmdX{i)dX{-i)dX{f{w))cc^^^ -i)Uf 



1 ax(-i) 1 



2(/H-^)2 2(/H+^)2 
Taking the residues at the midpoints we get 



cc{i, —i)Uf. 



{I\ccdXdX{i, -i)Ar, = V^n2(-i)" (0|cc(i, - (-l)"9X(-i)^C// 



(B.31) 



Notice that we cannot take the Uf operator back the vacuum because the leftover insertion 
at the midpoint has overall negative weight. Applying another Am we get rid of the dX 
insertion and we get 



{I\ccdXdX{i, -i)AnAm = -2(nm)2r+"((-l)" + (-1)'") i^Mt, -i)Uf. 



(B.32) 



Further applications of An give trivially zero. 



B.4 Ghost conservation laws 

The conservation law for 6„ oscillators is easily obtained from 
{I\c{i)c{-i)V^^^'\i, -i)Bn = jf ^Vn{w){I\c{i)c{-i)V^'^'\i, -i)h{w) 

= f^^Vn{w)[f{w)nO\c{t)c{-t)b{f{w^^^ 



(B.33) 



dw 



2 27ri 



\vn{w)[f\w)]'{0\c{z)c{-z)b{f{w))V^'''\z,-z)Uf, 
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where we used 



i 2 i 



JO ^ J{i-i) 

which is a general property of the identity conservation laws we consider. Performing the 
midpoint contractions between b{f{w)) and c(±i), no residue is found (^^(ii) = 0) and 
we are left with the simple 



{I\c{i)c{-i)V^'''\i,-i)Bn^O 



(B.34) 



The c ghost conservation law is just a bit more complicated. What happens here is 
that the anomalies in the conservation of C„ on the identity, (B.8) and (B.9), are killed 
by the cc(i, —i) from the closed string insertion, as we are now going to see. 



(B.35) 



jf^/^nH[/'H]-^(0|c(z)c(-z)c(/H)l-(^'^)(z,-z)t// 



dw 



2 ./(i 2m 



;/i„H[/'(«;)]-^(0|c(Oc(-^)c(/(«;))V^(^'^)(z,-z)[/^. 



Here the quadratic differential hn{w) is given by 

K{w) = (w" + (-l)'^w-") , 

and obeys 



hn ( -— I = w hn{w). 



(B.36) 
(B.37) 



Once more, this property allows to replace 



^"2 



in going from the second to third line of (B.35). Computing the residues at the midpoint 
we are left with 



{I\c{l)c{-l)V^'''\l,-l)Cn 

= -i"+^(0|c(i)c(-i)(^c(i) - {-lYc{-i)^V^^^^\i,-i)Uf. 



(B.38) 



Notice that C„ has been localized to a midpoint insertion in the global coordinate. It 
is then killed by the two c's in the closed string state. Thus, differently from the naked 
identity string field, the conservation law of the c ghost on the EUwood state is not 
anomalous. 
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C General properties of the boundary state 

In string theory, the boundary state is a ghost number 3 closed string state and it appears 
as a source term in the closed string field theory action via the coupling 

{B\com, 

where $ is a dynamical closed string field of total ghost number two. In order to write 
down a kinetic term for the closed string field, it is necessary to assume the level matching 
conditions, [46] 

Lo-|$) = 6ol$)=0. (C.l) 

It does not appear consistent to include non level matched closed string states and thus 
we must also have 

L^\B) = b^\B) = 0. (C.2) 

The boundary state is not just a source term in the closed string action but it is also 
a peculiar state which incarnates the existence of a boundary in CFTq (on which we 
define closed string field theory), which preserves conformal invariance. Together with 
the previous conditions this means 

bo\B) = (C.3) 
iL':'-D^l)\B) = (C.4) 



where 



is the total ghost number. 



{Qg,-3)\B) = 0,, (C.5) 

/dz 
— {-■.bc:){z) + h.c. (C.6) 



C.l Proof of matter ghost factorization 

Commuting (C.3) with (C.4) we learn that 

(6„-6_„)|i3) = 0, Vn. (C.7) 
The most general state obeying (C.7) can be written in normal ordered form as 

\B) = {6_^},C([, [matter] j exp ^- ^ 6_„c_„ + 6_„c_„ j CiCi\0) sLi2,c), (C.8) 
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where / is a generic function depending on b creation operators, Cq and generic matter 
operators. To see that this is the case focus on the dependence on c_„, c_„) for 

fixed n> 1. Then conditions (C.7) are equivalent to the differential equations 

(dc_^-b_n)B{c_n,C_n,b_n,b_n) = (C.9) 
{dc_„-b_n)B{c_n,C-n,b-„,b_n) = 0, (C.IO) 

whose generic solution is 

S(c_„, c_„, = exp (-6_„c_„ - 6_„c_„) . (Cll) 

Repeating this procedure for every n > 1 and also for n = 0, we end up with (C.8). 
Finally, imposing ghost number three, (C.5), we conclude that 

—n 

}, Cq , [matter]^ = CQg'( [matter]). (C12) 

Thus we have showed that a state obeying (C.3, C.4, C.5) is necessarily matter-ghost 
factorized 

l^^^l^^matter^l^^^^^ (C.13) 

and the ghost factor \Bgh) = \Bbc) is the usual boundary state of the be BCFT 

{br,-b^n)\Bbc) = (C.14) 
{Cn + C_n)\B,c) = 0. (C.15) 

From the total gluing conditions (C.4) we then find that obeys the standard 

gluing conditions of the matter sector 

^^matter ^matter^ j^^matter g -j^g'^ 

and from this it is easy to check that that \B) is also BRST invariant 

(Q + Q)\B)^0. (C.17) 

Few other universal gluing conditions follow from here. Let's look at the anomalous gluing 
of the ghost current 

jghiz) = -:bc:{z) = '^jnZ~''~\ 

n 

which, using the gluing conditions (C.14, C.15) reads 

(jn+J-n -3(5„o)|5)=0, (C.18) 
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Notice that, (C.5), we have Qgh = jo + jo- From here it also follows that the BRST current 

jBRST{z) = ^ Qn-Z"""^ 
n 

glues non-anomalously at the boundary. Indeed we have that 

Qn = [Q,3n], (C.19) 

and thus from the ghost current gluing condition it follows that 

(g, + g_,)|5) = o. (C.20) 

C.2 Normalization of the ghost boundary state 

Here wc fix the normalization of the ghost boundary state from modular invariance. 
Consider a cylinder of circumference L and height T, Cl,t- We put BCFTq boundary 
conditions on the lower and upper boundary of Cl^t- We are interested in computing the 
partition function 

In string theory, this partition function is identically vanishing because the zero modes of 
the 6, c ghosts are not soaked up. On the cylinder there is a zero mode for c associated 
to the constant conformal Killing vector (CKV) for rotation of the cyhnder around its 
axis. There is also a zero mode for 6, associated with the constant holomorphic quadratic 
differential (HQD) which changes the length of the base circumference. Because both the 
CKV and the HQD are constant we have that 

(6(^^;)cK))c,,, = Zl,t (C.21) 
dA{h{w)c{w'))c,,, = 0, (C.22) 

see figure (C.l). To compute Z^^t we proceed as follows. We first consider a cylinder of 
height T — TT and circumference L — 27rt. Every Zl^t can be reduced to Z2nt,n by simple 
scaling keeping track of the weights of the insertions 

ZL,T={bc)c,, = {fobfoc)a,^^_ .=^^2.,., „ (C.23) 



t=^ T 
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L 



Figure C.l: The partition function Zl,t is given by the path integral on a cyUnder Cl^t, with 
insertion of b and c. The position of the insertions is inessential as only the constant zero modes 
in the expansion of b and c gives nonvanishing contribution to the path integral. 



Z2TTt,iT is just the one loop open string vacuum amplitude (before integration in moduli 
space) 

TrH„_ [(-l)^e-2-*^«6oCo] = ( be )^^^^^^ = Z^.,.. (C.24) 

This follows from the fact that the cylinder is obtained by identifying the edges of a 
canonical open string strip of height vr and length 27rt. Such a strip is the image of the 
half annulus in the UHP (defined by 1 < |z| < e^'^* and '^z > 0), obtained from the map 

w = Inz. 

The UHP zero modes bo, Cq are mapped to vertical line integrals in the w coordinate 
{w = y + ix, doubling trick is used) 

w o bo = (p z[wob{z)] = — / dx b{y + ix) b{w) (C.25) 

Jo 27r2 2n Jo 

f dz 1 1 Z"^'" 

w o Co = (p -[woc(z)] = — / dx c(y + ix) c(w) . (C.26) 

Jo 27r« z^ 2n Jo 

Lastly, we have 'averaged' the integrals because the correlator only gets contribution from 
the cylinder zero modes which are constant in the w coordinate. This establishes (C.24), 
see figure C.2 

We can equivalently compute Z2nt,n by evolving the boundary state \B) with the closed 



^"^We define the fermion number 



/ dw 



F^Q,,-- = J^ — J,.(«;), 

as the zero mode of the ghost current in the canonical strip frame (with doubling trick understood). F 
is anti-hermitian and thus (—1)^ is hermitian. The projector in Siegel gauge &oCo is anti-hermitian and 
the trace we are computing is imaginary. 
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string propagator and contracting with the BPZ dual {B\. Proceeding similarly to the 
open string picture, we can write (using the ghost gluing conditions) 

(5|e-T(^o+^o)(6o + M(co-Co)|5) = 4(5|e-f(^o+^")6oCo|i?) 

= -42^2^,^. (C.27) 

As illustrated in figure C.3, this is easily obtained by mapping the annulus 1 < < 
to the cylinder C2n,f with 

w = i (^j -logz^ , 

and replacing the resulting horizontal line integrals with a local insertion using again that 
the HQD and the CKV for b and c are constant on the cylinder {w = y + ix) 

1 Z'^'' 

bo ^ — dyb{y + ix)^b{w) (C.28) 



27r 



■ .2n 

Co / dy c{y + ix) ^ -i c{w) . (C.29) 

Now we use the scaling property (C.23) 

■^271, f = 'tZ2nt,n, (C.30) 

to get 

(5|e-f(^o+Lo)(^^ + 6o)(co - co)\B) = -4zt TrH„,.„ [(-l)^e-2'^*^»6oCo] • (C.31) 
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Figure C.3: Graphical representation of eq. (C.27). 

This is an equahty between two real quantities. We can use the above equation to deter- 
mine the overall normalization of the ghost boundary state. A generic boundary state for 
an open string background is given by 

\B) = \Bbc) ® \B 

matter 

), (C.32) 
where |-Bmatter) is the matter boundary state (c = 26) obeying Cardy condition 



, ^ . f T niattGr_|_ f matter 



I r matter c ^ , „ , 

+^0 -T5j|5,„atter) =TrH, 



matter 
open 



and 



\Bbc) = Mgh (Co + Co) exp - ^ h^nC-n + h^nC-n CiCi|0) 



SL(2,C) 



n=l 

oo 



(5. 



bc\ 



-Ugh (0|c_iC_i exp ^ hnCn + hnCn (Cq + Cq) 



(C.33) 



(C.34) 



(C.35) 



,n=l 



are the ghost boundary state and its BPZ dual whose normalization we want to determine. 
Taking the ghost part of (C.31) and assuming (C.33) we get a Cardy-like condition for 
the foc-BCFT 



{Bbc\e 



[Lo+Lo- 



\bo+bo){co~co)\Bbc) 



-Ait Trrrghost 

nnm. 



:-l)^e-^-*(^o+i)6oCo 



(C.36) 



Computing both sides with (C.34, C.35) we have 



C_iC_i(co - Co)(co + Co)ciCi|0) 

(C.37) 
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where 

oo 

TTt 



r^{tt) = e-S (1 - 

n=l 

is the Dedekind 77-function and we normahze the ghost BPZ-inner product as^^ 

( 0|c_iCoCiC_iCoCi|0 ) = 1. (C.38) 

Computing the open string trace and using the usual modular property of the Dedekind 
function 

v^?7(ii) =77 (C.39) 



we find 



-Ait Tru-ghost 



_;L)i^e-2-*(^°+i)6oCo] = U7f{it) =A7f . (C.40) 
This gives 

= 1- (C.41) 

Notice how the scahng law (C.30) accounts for the modular transformation (C.39). 
We can fix the sign in Mgu by asking 

(5,e|(co -Co)|cc) = ((Co -Co)cc(O) (C.42) 

the rhs can be computed by expressing (cq — cq) as a contour integral, mapping the disk 
to the upper half plane and using the doubling trick, by normalizing the basic ghost 
correlator in the usual way 

( c{zi)c{z2)c{z^) ) = Z12Z1ZZ2Z. (C.43) 

This gives 

((co-Co)cc(0))di.k = -2, (C.44) 
and the normalization of the ghost boundary state is thus given by 

MgH = 1. (C.45) 



^^In the closed string Hilbert space, Hermitian and BPZ conjugation differ by an overall factor of i. In 
our conventions (slightly different from [46]) 

BPZ(|0)) = (0|=i/,^0| = z(|0))^ 
The basic hermitian inner product is tlius given by 

;ic(0|c_iCoCiC_iCoCi|0) = -i, 

and it agrees with textbooks conventions, [47], to which we adhere in this paper. 
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D Some more lumps 

Here we collect the gauge invariant data of few more lump solutions. All data have been 
obtained in the (L, 3L) scheme up to L = 12. 

• Single lump at R = Vs 

This is the same solution of MSZ [34] but in the (L, 3L) scheme. 




Figure D.l: Open string tachyon profile of the MSZ single- lump solution obtained at R = \/3 
and level L = (12,36). 
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• Single lump at R = 2\/3 

This is a single lump centered at x = ttR. Notice how this reflects into alternating signs 
for the En invariants. 




Figure D.2: Open string tachyon profile of a single-lump solution obtained at R = 2^/3 and 
level L = (12,36). 
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• Symmetric double lump at R= 2\/3 

This solution represents two D-branes at distance defined in section 4.2. This 

double lump solution is just the single lump solution we obtained at R = y/S, translated 
by tta/S and periodically extended to R = 2 a/3. This is clearly visible from the invariants 
which up to the alternating signs, are exactly the double of the single lump at i? = a/3. 




Figure D.3: Open string tachyon profile of a symmetric double-lump solution obtained at 
R = 2^/3 and level L = (12, 36). 
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